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The work described in this final report on NASW-1190 is a
continuation of a study initiated under NASW-708 relating to the
%Enechanical behavior of materials which have temperature dependent
A?roperties. It was shown in the earlier work that‘the strengths of
{ such materials are limited by the regenerative thermal feedback that
develops because the deformation process is at once exothermic and
temperature sensitive.

The analysis of simple model experiments also led to the
expectation of effects of sample size, duration of load, rate of
strain and rate of loading similar to those observed in real
experiments. Furthermore, the introduction of the temperature
dependence into the continuum theory provided a bridge to the atomic
scale theory of materials through the concept of the energy of
activation. Subsequent té the final report on NASW-708, the work
was summarized in three articles that have since been published (1),
(2), (3).

‘In the current work, improved methods of analysis have been
developed and more realistic model experiments have been studied. |
In particular, the dynamics of simple deformations of homogeneous

and heterogeneous model materials have been considered. Stick-slip

effects characteristic of real ductile materials have been demonstrated.
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Plastic flow has been simulated and a model designed to relate
the gross features of the deformation to crystal defects in the
material were studied.

The new analytical schemes that have been introduced involve
the use of improved, versatile electric analogs of the mechanical
models. In these, the temperature dependent viscosity in the
model materials is simulated by thermistor elements for which the
temperature dependence of the resistance can be described in terms
of an energy of activation.

In the new analogs, the inductors and capacitors that
ordinarily simulate the inertial and elastic effects in the
material are further simulated by precision electronic integrators.
This eliminates the problems of obtaining matched components with
a vide range of values. Furthermore, the simulated inductors are
linear and have no resistance; qualities that are unavailable in
real inductors. In addition, the effective values of these
components can readily be made responsive to the local values of
the stress, strain or strain rate.

As a by-product of the earlier work, some insights relating
to the stability of laminar flow were provided. The current work
suggests an approach to the study of earthquakes and volcanism as
well as to certain meteorological problems.

The work on NASW-1190 has been summarized in five technical

articles that have been submitted for publication. One of these




has already appeared (§). Two others have been accepted and seen

by the author in galley proof (4, 7). No final decision has been

received on the remaining two articles (), (8). It is a pleasure

to report that parts of these studies are being applied to the

Ph.D. Thesis of Mr. George Mueller, whose candidacy at the

University of Delaware is under the supervision of Professor

W. F. Ames. In addition, Dr. Gruntfest was invited to present a

review of this work before the British Society of Rheology.

The body of this report consists of copies of the five cited

articles. These are separated from one another by colored

spacer pages, Their titles are listed below (4 - 8).
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Heat Transfer Considerations in Studies of Mechanical Behavior
I. J. Gruntfest
General Electric Co.

Space Technblogy Center
King of Prussia, Pa.

Abstract

As part of a study of the mechanical behavior of materials having
temperature dependent properties, the responses of a simple model composite
material are examined. The size and distribution of the components deter-
mine the thermal boundary conditions which influence the local temperatures
and consequently the mechanical behavior. The model, which suggests a
one dimensional po/ycrystal or an imperfect crystal, is shown fo slip
intermittently in a manner characteristic of ductile solids. Criteria
for intermittent slip are derived which are generally compatible with
experience. Selected experiments are cited which confirm predictions of

the analysis.



INTRODUCTION

This report {s one of 2 series describing exploratory studies of the
mechanical behavior of materials which have temperature dependent properties.
1t is concerned with the behavior of‘a simple model of a composite material.

The earlier studies of homogeneous models showed that when temperature effects
are taken into account, the heat proéuced by the irreversible work of deformation
can have a stronyg influence on the r;sults of an experiment. The extent of

this i.ufluence depends on the thermal boundary conditions imposed on the model

as well as the stress pfogram. Whereas the thermal boundary conditions
applicable to the homogeneous model depended on the conditions at the exterior
surfaces, in a composite model they depend also on the size and state of
dispersion of the components.

The model under consideration is a laminated slab in which uniform,
homoeneous, incompressible, viscous layers alternate with uniform perfectly
elastic layers. 1In the absence of temperature effects, the shear behavior of
this composite depends only on the properties and relative volumes of the two
constituents. When temperature effects aye taken into account, the layer thick-
nesses can be important. At low volume fractions of viscous material, the model
suggests a one dimensional polycrystal or imperfect single crystal.

The analysis shows how intermittent slip processes, similar to those
characteristic of ductile deformations in real solids, can occur in this model.
Criteria for intermittent slip are developed which are found to be compatible
with experience. A key parameter in the analysis is the temperature coefficient

of viscosity which is related to the energy of activation for the flow process.




- -+ As a result, this continuum analysis has a point of contact with the atomic
scale physics of solids. Several published experimental studies are cited to

demonstrate the piausibility of the model.
GERERAL DISCUSSION OF THE ANALYSIS

If the number of layers of elastic or viscous material in the laminated
model is N , the thickness of each elastic layer is éz__, and the thickness of

each viscous layer is 12{/ , the total thickness of the slab L, is given by

L=N(£e+4,) af

The volume fraction of viscous material V is given by

\/ - = : (2)
= - 2 L
'(E f/(v
At constant rate of shear deformation, R, the development of stress,
ST , in this model can be described by the usual expression for a Maxwell
model
L] 4 ’ ~/
~ G
o= GR(1-55)
(N (3)

. .
in which &’ is the time derivative of the local stress, and )(’ , the apparent

viscosity, is related to the viscosity, )z , in a layer by

W' .
[ = 7 (4)




and G', the apparent elastic modulus, is related to the modulus in an elastic

layer, G, by

C - (—V : (5)

When G' and Yl are constant, as they would be in the isothermal case, Eq. (3)

) ©

[ . .
When G' or )z depend on the temperature, and therefore on time, the integration

cannot be performed so easily.

1

Following™ , let us assume that the viscosity depends on temperature T

according to

—a -7, )

) = ) .
= % € (7)

in which )Zo is the viscosity at the reference temperature To . Then Eq. (3)

takes the form

. | ea(‘r— 75,)/

= GR(- &

~Y

(8)

The temperature, as a function of time and position, depends on the solution of

the heat conduction equation for the viscous layer

2 otr (9)
-—9;"'6 = C‘%‘; -K 55
Vo < J




in which c and k are, respectively, the temperature independent heat capacity
and thermal conductivity of the material and y is the space coordinate through

the layer.
1

The solution has been discussed in detail elsewhere , and analog solutions
2
of Eq. (8) determined ., A result from Ref. 1 that is useful here is that for
particular thermal boundary conditions, there is a stress, SZ , at which
thermal instability will occur, and the local effective viscosity will drop
abruptly. The criterion for stability is the value of the number
2 1 72.
al & d
A T e 2 (10)
k7,

so that the critical stress depends on the thickness of the viscous layer. !

THE THIN VISCOUS LAYER CASE

If the volume fraction of viscous material, V, is very low, the apparent
viscosity of the composite, }?' ,» will be very much hizher than %? (Eq. (4))
for low stresses. The viscous process can then be inconspicuous as long as
the flow is stable. When instability occurs, local slip and a drop in thé
local flow stress will be initiated. The subsequent events can take several
courses.

As a simplified example, conside:, from a quasi-static point of view, a
constant rate of deformation shear experiment with the laminated model. The

time required to reach the critical stress, E;é , would be

Lee |
¢, = GKR 1)




After this time, the stress decays abrﬁptly, and the heating subsides. A time

representative of that required for the viscous layer to cool is

¢ K | (
A similarity parameter can now be defined as
o~ to L l{ r s 6:
SO ¥ = = TC KT F
Le ek, ! (

When S )ﬂ? 1, the initial temperature conditions are essentially restored
before the stress again reaches a criticel value. Then the slip events can be‘
expected to be periodic with a frequency governed by t . This type of inter-
mittent slip 18 associated with the deformation ductile materials. If the
viscous layer is thought of as an imperfect region in a crystal, the thermal
experience associated with the slip process could heal the imperfection so that
the next slip event would occur on a different one of fhe many thin viscous
layers.,

However, if S ¢ 1, the viscous layer will not have time to cool, and the

8lip will continue with no stress build up. Since the slip layer is considered °

to be thin, the action is localized, and:this situation can be somewhat similar
to brittle fracture, as pointed out by Zener3. Thus, the number S can be
considered to be a ductility parameter. It is higher at low strain rates and
for high thermal conductivity materials. These inferences are generally
compatible with experience.

Several details have been omitted from the discussion above. One of these
relates to the dynamics of the events following the initiation of slip. When
local slip occurs in the essentially elastic continuum in equilibrium at the
stress, e;k , a local stress zero is introduced. This propagates a stress
relief wave out;ard to the boundaries., There the wave is reflected back to its

kit

A
X

1)

13)




“origin. The transit time, which is the duration of the zero stress at the
slip, is of the order

, A
' = L(rke)

(14)
in whicﬁnf? is the temperature independent density of the material, and ( G/‘.'))l/2
is the acoustic velocity in the slab. This leads to a new similarity parameter

, T, [ ki (ﬁ/ " ‘:
S = e = R G (15)

Z e fl

which would also be related to ductility.
Another detail that must be considered relates to the energy available to

promote the slip catastrophe. In the model itself this would be given by the

stored elastic energy.

> 2 & | (16)

In an experiment, energy stored in the testing machine would also have
to be taken into account. The ultimate temperature rise, and therefore the

severity of the thermal catastrophe, would depend on the gross energy available.
DISCUSSION OF RESULTS

The analysis of the behavior of the model laminated slab given above is

v

by no means a complete answer to the problems of ductility and brittleness.
However, it does introduce an approach that could be fruitful. If it has any
relevance to the behavior of real materials, the elementary slip processes
should be accompanied by the generation of local high temperatures. This is

4

observed in recent studies of Erdmann and Jahoda” at very low temperatures.




Furthermore, in a study of the general he;ting associated with the plastic
deformation of aluminum, Dillon” found that the signals from fine thermo-
couples attached to a deforming rod were very '"noisy'. Since he was only
interested in the general heating, Dillon used a small capacitor to suppress
this noise. 1t is possible that the spikes in the thermocouple voltages
which he filtered out arose froﬁ individual slip events.

Acoustical disturbaunces are also often produced during the plastic de-
formation of metals. In the discussion of the simple model given above these
would be expected as a result of the propagation of stress relief waves
from the slip sites.

Certain somewhat quantitative stdtements can also be made on the basis
of the above analysis. Consider the jarameter §S' Eq. (15). For a one cm.

6

length of aluminum, t'! has the value 2 X 1078 sec. When t.= 2X 1077,

o
lv > 2.2 X 10-3 cm.. In other words, in ductile aluminum the effective
size of the viscous layer must be less than 2.2 X 10- cm., This size is
large compared with typical regions of crystal imperfections in aluminum so
that the ductility would be expected.

In a real material the regions of crystal imperfection are very small
but-they may move about in a stress field, occasionally forming ''clusters".
The effective size, for thermal relaxation, of a cluster would be much larger

than an isolated region. The formation of a cluster could then precipitate

the slip instability.
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Thermistor Analogs for Model Viscous

and Viscoclastie Systems

L J. GRUNTEEST, Re-entry Systems Department, General Kleetrie
Company, Uhidadelphia, Pennsylvania

Synopsis

The physical and mathematical similarity of {he resistance tfemperature relation
in thermistors to the viscosity—temperature relation in typical liquids makes it
possible to simulate the essential nonlinearity of the flow of model Newtonian
liquids by the use of an electric analog. Simpie measurements of current and
voltage take the place of detailed computation,  Cireuils eontaining u thermistor
and capacitor provide a model for nondinear viscoclstic materials. A trausmission
line containing thermistors would be applicable where inertial terms are important
and both the time and space variation of the stress wonld be significant. The
behavior of simple analogs deseribed here agrees with available numerieal compu-
tations.  In addition, it duplicates experimentally observed temperature effeets
and apparent departures from Newtonian behavior in liguids as well as neeking,
vield, fracture, creep, strain hardening, and stick=slip effeets in solids. This elee-
tric analog literally simulates the model mechanical systemic In vonteast, the
widely discussed simulation of linear viscoelasticity by olectrie networks is figurn-
tive. That i, there, the well-developed mathematios of lincar eirenits was ap-
plied to the mechnuicad system.  The new simulation ix effective over wide ranges
of stress, strain, and time even with a single therniistor.

INTRODUCTION

-

This report deseribes part of a general exploratory study of the
mechanical behavior of materials with temperature dependent prop-
erties. With such materials, the heat produced in a mechanical
experiment ean have a strong influence ondts outeome.  Caleultions
of the magnitude of this influence insevenil idealized but representa-
tive experiments were desevibed in carlie  reportst? The analvses
were straightforward but required the usp of high speed computing

equipment. It will be shown heve that vesults similie (o those ob-
248




214 1. J. GRUNTFEST

3
tained from the compuiatign éan be obtained by the use of electric
analogs which contain temperature-dependent. electrical resistanee
elements (for example, therrsstors).  The analog method is fast
and Inexpensive and may be better adapted to the solution of some
problems than the computation,

The preciscly analogous properties of electrical networks and
idealized mechanical systems bave been reviewed by Alfrey.? When
the mechanical systems are inear the electrical analogs are used
figuratively. That is, in reality, the well-established mathematical
micthods applicabie 10 linear circuits are directly applied to the
mechanieal problem.  In nonlinear systems no completely adequate
mathematical methods have been developed.  Therefore, in the
present. work, the literal application of the analogs has been under-
taken. ' A

Fortunately, the temperature dependence of the electrical resist-
ance of thermistors is identical in form with an acecptable expression
for the temperature dependence of the viscosity of condensed phase
materials. In the thermistor and in the simulated materials, the
flow process involves biased diffusion and has a characteristic energy
of activation. The relationship between this energy of activation
and the temperature coeflicients provides a bridge between the
present, cssentially phenomenological, discussion and the elegant
contemporary atomic scale models of the deformation process that
have been proposed.

For this discussion, it is convenient to divide one-dimensional
mechanical experiments with homogeneous isotropic incompressible
malerinds into two major classes, although acknowledging the exist-
ence of a transition regioy” Slow or quasi-static experiments are in
one class, Here the time of the experiment is very long compared
with the time required forstress equilibrium to be established in the
test picee. Consequently, while the stress may be time-dependent,
its spaee varintion is negligible.  In this case, inertial terms in the
energy and momentum cyuations are also negligible.  Fast experi-
ments constitute the sccond major ¢lass. Here both the space and
time variations of the stress are of consequence and inertial terms are
not, negligible. Notice thut the size of the sample affects the equili-
bration time as much as the velocity of propagation.

A transmission line confaining thermistors as well as inductors and
capacitors is the general simulation. . The space dependence of the
stress is simulated by the values of the voltage along the elements of
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the line.  The currents in the contiguous ioops simulite the average
veloeity gradients in contiguous cleaients of the test picee.  Notice
also that heterogeneities in the material can be simulated by variation
of the transmission fine parameters,

If in an experiment. the inertial tems are negligible, the voltage will
show negligible variation from loop to loop. That is the transmission
line is not necessary in the quasi-static case,

The thermistor analog measurements described in detail below in-
volve simple circuits and apply to quasi-static experiments. These
are simpler conceptually and easier to arrange than studies of trans-
mission lines. In addition, the results ean be compared with the
computations of refs. 1 and 2 in which only quasi-static cases were
considered.

It may be noted in passing that the responses of materials to sinus-
oidal strain programs that are frequently observed in laboratory
studies are usually treated as quasi-static.  That is, inertial terms are
neglected.  The apparent dynamic feature of these experiments arises
from the fact that viscoelastic systems have characteristic natural
periods associated with the ratio of the viscosity to the clastic modulus
of the components of the element.? In these cases, the amplitude
and phase of the periodic stress response depend on the relationship
between the period of the strain program and the natural period.

The detailed mathematies of linear systems are adequately dis-
cussed in the literature. The detailed mathematics of the nonlinear
systems have been discussed in refs. 1 and 2 and will not be elaborated
upon here.

Before coneluding these introductory remarks, attention is drawn
to one facet of the results. That is, smple, single circuits containing
thermistors show behavior analogous to yield, plastic flow, strain
hardening, and fracture as well as sticksslip effects which are typieal
in the deformation of ductile metals. In addition, effeets of changes
in the ambient temperature and therinal boundary conditions on
mechanieal behavior can also be explivitly simulated.  Alternative
phenomenological descriptions of these common types of mechanical
response are generally more complieated. -

THE VISCOUS ELE AENT

In the traditional viscous element, or dpshpot, used 1 mechanical
models, the stress ¢ und strain rate éare related by Newton’s law.

o = 1€ 1)
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in which g ix the viscosity of the element, This ix anadogous to the
hehavior of an electries] resistance clement i which the voltage V
and the curvent 1 oare related by Ohine's oy

Vo= kI @)

in which 22 is the resistanee « © the clement. In the temperature-
dependent viscous element, (1 2 velationship between the observed
strain rate and the stress is nonlinear and more complicated than eq.
(1). The general equations were developed in detail in ref. 1 but will
be reviewed briefly here,

Consider the plane shear of an infinite slab of viseous maienal of
unit thickness in the y direction (Couette flow). The displacement
rate of one boundary relative td the other is the integral of the veloeity
gradient du/0u, through the thickness. That is

1
€ = f (Qu/oy)dy. )

In the quasi-static ease, the shearing stress is independent of y and
ix asswned to be related to the local values of the velocity gradient
and viscosity by the usual viscosity law

a = n(Ou/dy). )
Using for the temperature dependence of the viscosity

7= peelEalm T 1Ty . )

in which y is the viscosity at the absolute temperature 7', g, is the
viseosily ab a reference temperature Ty, K, is the energy of activation
for the flow process, and B is the Boltzmann constant, eq. (3) ean be
rewriften ’

1
€ = (“/’70) f e En/ T o= 1Ty l/_l/. (ﬁ)
0

Clearly, when T = T, { he isothermal case) egs. (6) and (3) are
identieal.  However, if the local temperatures are not constant or
are different from the reference temperature the equations are not
the same.

The nunierieal procedures i ref. 1, in effeet, provided values of the
time-tdependent. integral in eq. (6) subject to the mechanical work
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input. and the thermal boundury conditions imposed on the slab.
It was shown that for the ease of cooled walls the value of the integral
renains close to unity when a certain nondlmensional parameter has
small values.  This number is

S = ao/kn, @)

i which 7 ix the thickness of the slab, & is the thermal conduetivity
of the matertal, and a is the temperature coeflicient of viscosity which
i= approximately equal to K /BT® in the notation used above. A
similar argument can be applied {0 the relationship between the
applied voltage and the current in a thermistor of comparable geom-
etry for which ’ .

R = Roetktc/m =1/t ®)

where £, is the energy of activation for the electrieal conduction
process.  Then the value of the integral will be given by

1 .
I = (V/R) f PNy, o
0
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Fig. 1. The reduced time-dependent currend. through o thermistor at various
constant voltages.  Analogous (o the reduceil time-dependent. shear mite of
viseous model at various constant, stresses.
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Fig. 2. The reduced timedependent voltage across u thermistor at various
constant currents.  Analogous to the reduced time-dependent stress on a viscous
model at various constant strain rates.

The departure of the value of the integral from unity will depend on
' S = aV*2/kR,. )

The integral in eq. (9) is identical with that in eq. (6). The use of
measured values of current and voltage to evaluate the integral in
eq. (9) is the cssential feature of the thermistor analog method.
Observed time-dependent vulues of IR,/V for various constant.
values of V for a typical thermistor are plotted in Figure 1. This plot,
is similar 10 Figure 2 of ref. 1 in which the computed time-dependent.
values of ép/o are plotted for various constant values of .  In both
cases, the instability of the system at high stresses is clearly shown.
Figure 2 is a plot of the ohserved values of V/[ R for various con-
stant values of I and for the same thermistor used for the constant
voltage experiments of Figure 1. This plot must be eompared with

. Figure 7 of ref. 1.

The nominal values of the resistance of the thermistor used in
these two experiments was 100,000 ohms at room temperature.
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The nominal thermal relaxation time was 2 sce and the nominal
temperature coeflicient of resistance was 4.5%,/°C.

THE MAXWELL MODEL (CONSTANT STRAIN RATE)

The Maxwell model is a viseoelastie ¢lement in which a viscous
component and an clastic coniponent are conneeted in servies. s
cleetric analog is a resistance and capacitor in parallel.? When a
constant current [ is passed through a lineat cireuit, of this type start-

ing with an uncharged condenser, the voltage rises from zero to the -

value /R in a time determined by the product of the values of resist-
ance and capacity. In the nonlinesr analog, the value of & can be
time-dependent, decreasing as the temperature rises according to eq.
(9). 'This can change the time constant of the circuit and produce a
voltage maximum analogous to what would be called yield and plastic
flow in the noniinear mechanical model.

Plots of typical time-dependent voltages for various constant
currents are presented in Figure 3. When the current is low, the
hehavior of the model is essentially lincar. As the current is in-
creased, a peak in the voltage-time curve appears which is the mani-
festation of the nonlinearity. At h}gh(er currents, damped oscilla-

80 .
60 Rp . 100,0000 ]
C 50 MF
> CURVE # 1
S
2 40 1 0.8 MA
= 2
o 3
= 4

N

0 20 30 . 40 50 GO
TIME - (SECONDS)

0

A
2 0.4 MA
\ 0.2 MA
e 0.07 MA
20 %
[t} 1

Fig. 3. The time-dependent. voltage aeross o paratlel connected thermistor and
cupacitor ab various constant earretds,  Analogons to the stress on o Maxwell
model 8t various constant strain rates,
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1)

CURBENT 1.2 MA 77

CURVE # S

4 50 60 7 80

TIME ~ (SECONDS;}
Fig, 4 Same as Figare 3 by shpwing sustaived oscillations analogous to stick-
slip i the mechanieal model.

tions appenr in the voltage time curves beeause of the augmentation
of the cirrent through the thermistor by the discharge from the
capaecitor,

Ax shown in Figure 4, in solected cireuits, the oscillations are main-
tained heeanse the thermal recovery time of the thermistor is less
than the charge tine of the egpacitor, This phenomenon is analogous
to stick-stip effeets in the mechanical model.  1f the stored cnergy
i the capacitor is high enotgh, the discharge carvent ean destroy
(vaporize) the thermistor wodueing the effeet analogous to fracture.

The results presented in Figures 3 and 4 were obtained with eircuits
containing thermistors similar (o those used o simulate the viscous
element deseribed eardier. The values of the current and eapacity
are given in the figures.  Disconfinuities in the enrves oceur when
the current is turned off.  The subsequent events are analogous to
stress relaxation. 1t may be seen that this process depends not only
on the chareteristies of the eirenit but also on the eurrent history
heentise of ils effeet on the value of the femperature, and therefore
resistanee, of the thevmistor,

The responses of the Maxwell model or its eleetrie analog to a step
funetion in stress or voltage respectively, involve very high stan-
tancous strain rates or currents.  The quasi-statie assumption made
here is less appropriate for this problem.  The transnission  fine
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analog is more suitable for nonlinear cereep and creep recovery
experiments,

THE KELVIN-VOIGT MODEL (CONSTANT STRAIN RATE)

The Kelvin-Voigt model is a viscoclastic clement in which a
viscous component and an elastic compouent are in parallel. Ity
clectrical andog s a resistanee and capacitor in serics. When o
congtant. eurrent. is passed through a linear eirenit of this type,
starting with an uncharged condenser, the initial value of the voltage
i IR and the voltage inereases with time at a rate given by the ratio
of the current to the vapacity.  In the nonlinear annlog, the voltage
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Fig. 6. Same as Figure 3, but for a three-compouent model.

can drop as the thermigtor warms up but the voltage will then rise
again as the charge accumulates on the condenser. This type of
behavior ix analogous to what would be called yield with strain hard-
ening in a mechanieal model.

Plots of typical observed time-dependent voltages at constant
current for various values of the capacity are presented in Figure 5.
When the eapacity is low, the response is nearly lincar beeause the
voltage build up on the condenser oceurs before much energy is
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dissipated in the thermistor. With higher values of the capacity,
the energy dissipation in the thermistor goes up. Yicld is more
conspicuous and failure ean occur when the temperature in the ther-
mistor rises.  As before, the stress relaxation phenomenon is also
exhibited and it can be expected to depend on the over-all strain
history. This group of curves should be compared with IFigure 8
of ref, 2,

A THREE-COMPONENT MODEL

While viscous and elastic components and their clectrical analogs
can be permuted and contbined almost endlessly, we will {erinate
the discussion of configurations here with a deseription of three-
component - models consisting, in the mechanieal case, of an elastic
component. in series with a parallel array of elastic and viscous coni-
ponents.  The cleetrical analog is shown dingrammatically in {igure 6
together with some examples of the ot served thme-dependent voltages
at constant current.

Here, depending on the current level and on the relative values of
the resistance and ecapacities, a wide variety of curves analogous to
stress strain curves can be generated.  Some of these simulate linear
elasticity. Others appear to show strain- or stress-dependent moduli.
Some show yield and strain hardening. The stress relaxation
following the cessation of current flow is also quite different in each
of the experiments.

TEMPERATURE EFFECTS

Not only are other circuit. configurations feasible but other types
of analog experiments are possible.  For example, quasi-static re-
sponses of the models at different temperitures ean be considerad.
The effeet of temperature on the electrie analog is for the most part
equivalent 1o changing the initinl value of the thermistor resistance
Ro.  This can be accomplished by replacing the thermistor with one
of a different nominal resistanee or by literally changing is initial
temperature. The consequences of such changes can readily be
anticipated and need not be elaborated upon here, since the seleetion
of the thermistor was in the first place quite arbitrary.

Insofar as size offeets are due to changes in the thermal economy,
these ean also be diveetly simulated by using different size thermistors
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(a wide range of sizes is available) or by changing the thermal bound-
ary conditions on a single thermistor by foreed civeulution of air or
imnnersion i still or flowing, liquid.

While, in general, raising the tempernture has the effect of reducing
the time constant of the ther aistor cireuit, the effcets of time and
temperdure do not have to he separable, so that this approach does
not. suggest, directly, the iden of time-temperature superposition.®
Notice that in the above model the temperature effects are localized |
ini the viscous component.  In real materials, the viscosity component
will have a stronger dependence on temperature than the elastic
component but the latter is not likely to be zero.

NECKING

The analog of a series arrangement of similar nonlinear viscous
clements is a parallel array of similar thermistors.  This cireuit does
not strietly fit with the group of analogs described above. However,
the behavior of the array so nicely simulates the common phenomenon
of necking during deformation that it will be discussed here.

When the sum of the currents through the thermistors is low, the
separate currents will be essentially equal.  Now, as the total current
is inereased one of the thermistors will inevitably heat up more than
the others. This thermistor will then have a lower resistance and it
will pass more and more of the total current.  Since the current is -
the analog of strain rate, the coneentration of the current is analogous
to necking.

"CONCLUSION

Selected analog experiments showing the type of nonlinear effects
which ean be expected in the behavior of mechanical models with
temiperature-dependent properties are deseribed.  Only quasi-statie
one-dimensional experiments with incompressible homogencous iso-
tropie materials are discugsed in detail.” Possible methods for dealing
with the more general mechanical problems involving dynamic
experiments with heterogencous materials are suggested. It is also
possible that the use of more complicated eclectrical networks would
permit the extension of the capability of the analog {o the two- and
three-dimensional problems.
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In the linear analog simulation,® attempts are made to match
mtricate observed responses of materials by the use of distributions
of linear clements. While it will a]ways be possible to mateh a
partienlar response by an astute choiee of w spectrum of linear cle-
ments, the reality of many of the assignments of relaxation times has
yet to be demonstrated. When nonlinear elements are admitted,
the complexity of the required speetrum may be much reduced.

In any event, to the extent that this approach leads to more accu-
rate deseriptions of mechanieal behavior, it may aid structural design
and buprove the correlations of behavior with atomic scale structure.

The stady program deseribed above has been supported in part by the Office of
Advanced Rescarch and Technology of the National Aeronautics and Space Ad-
ministration under Contracts NASwWTOR and 119 monitored by Messrs, Howard
Waolko and Melvin Rosché,  The anthor is also indebted to his colleagues, James
Waolle and John Pollock for assistance with the experiments,
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ABSTRACT

An electric transmission 1 ne anélog for studies of the dynamic planc
shear of an 1ncompressible viséoelastic material which has a temperature
dependent viscosity is descrived. Thermistors are used to simulate the
temperature dependent viscosity. Criteria are established for the simi-
larity of the line and the material. Experiments analogous to constant
rate of deformation studies of an elastié_material and a material with
a single viscoelastic relaxation time are described. More detailed ex-
periments analogous to the deformafion of a viscous material at a con-
stant rate of deformation and at constant stress are also described.

These show phénomena analogous to necking and fracture.




THERMISTOR ANALOG STUDY OF DYNAMIC SHEAR IN MODEL VISCOELASTIC MATERIALS

I. INTRODUCTION

This report is one of a series describing exploratory studies of the
mechanical behavior of materials whic'i"s have temperature dependent properti.es."
With such materials,'the heat producei by the irreversible work or deformatic;n
can have a strong influence on the outcome of an experiment. The general prdblem
considered here relates to the dynam:[e, plane shear of an ideal, 1ncompressil;1e
viscoelastic material. The approach that is used involves an electric
transmission line analog containing temperature sensitive resistors (thermistors).
This study of the dynamic shear problem follows naturally from earlier work
in which a thermistor analog was applied to the study of the quasi-static shear
of model viscous and viscoelastic materials (l)f Before that, numerical

solutions of the same problems had been reported (2). The results of the

quasi-static analog study were similar to those of the numerical study but

-

simpler to obtain, p3

Except for the use of shunt thermistors to simulate the temperature
dependent viscosity in the model material, instead of ordimary resistors,
the transmission line analog is sipilar te those discussed by Mason (3) and
others, That is, }g.ne inductors a;xd shunt capacitors are used, respectively,
to simulate inerti;;;;‘i*‘effects and elastic effects in the material, Since the
temperature dependence of viscosity is very much stronger than the temperature
dependence of density or elastic modulus, it is reasonable to neglect the

latter in this exploratory‘v study., In the discussion below, some general features

of the elastic and viscoelastic systems are considered., Then the systems with

*Numbers in parentheses refer to the Bibliography.
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viscosity alone are discussed in greater detail. No real materials have
viscosity alone. However, in selected organic polymers and their solutiomns,
the effects of elasticity and compressibilit;ﬂare subordinate to those of
viscosityQ

From an engineering point of view, the general study may suggest rational
bases for raising design allowable stresses for short duration loads, From
a material development point of view, relationships between atomic scale

structure and mechanical behavior in terms of an energy of activation are

suggested,

II. GENERAL DISCUSSION OF THE THEGRY

A, Wave Equations

The usefulness of the electric analog in mechanical studies depends on the
similarity of the equations describing the voltage and current history
in the transmission line and the equations describing the stress and strain
rate history in the mechanical model. While the work described here is
experimental, it is done in a theoretical context which is reviewed briefly.l
In the transmission line, shown schematically in Figure 1, the current (I)
and the voltage (V) depend upon both the‘time (t) and the distance (y) from

the end of the line. The equatiops are:

oV ol

dy L ot la

ol oV Vv

—a.;f— = C ‘—"‘—at + "R" ’ 1b
2




in which R, L, and C are, respectively, the shunt resistance, inductance, and

capacity each per unit length. These equations for an ideal line (no resistance

in the inductor) are exactly analogous to Newton's second law of motion and

the general stress-strain relation as written for an ideal Maxwell solid

0 _ , 3u 2a
3y ~ P 3t

du 1 do o

-8 _ 22 224+ =

oy G ot n 2b

in which 0 is the stress, u is the velocity, P is the density, G is the
appropriate elastic modulus, and 7} is the viscosity., (See for example Kolsky

Reference 4.)

These equations may be combined within their own system to obtain wave
equations applicable to various typzs of materials., For example, if 1 1is
infinite, the material is perfectly elastic and the wave equation becomes

2 2

0 u d u

3
byz atZ a

£
G

In the electrical analogy, R is sef equal to = sgo that

2
o1 Pl | ]
——-E-=LCS—t—'2‘— 3b

is the wave equation for a perfectly lossless transmission line. If 1 is zero,

G
one may obtain the Navier Stokes equation (5) for a perfectly viscous material:
Ju 1 0 du
— == — N =— 4.
t p dy ( oy ) 2

By analogy, one sets C = O and obtains the expression

d1 _ 1 d1 '
=1 9 ol 4b
ot L 9oy 6%}



For a viscoelastic material, in which the coefficients of equations 2 are constant,

the damped wave equation is applicable.

azu - P an +£ _a-u_. 5a
ByZ G atz n at

By similar algebraic treatment the electrical amalogy is

2 2 e
%1 3’1 L a1
- - S N A
ay2 - FC32 TR G °b

which is the usual transmission line equation, if the inductance is lossless.':
Analytical solytions to equations 5 have been discussed numerous times and
electrical xd:gies have been applied to their study. (See references 5 ana 6).
This report concerns the effects produced within a viscous material wheﬁ
the viscosity depends on temperature, In this case, the analysis is very
difficult, if not impossible. However, equation 4b shows that if R would

have the same variation with distgnce as 7 , the analogy would still be valid.

The viscosity has been found to vary with the temperature according to the

LW (1 _ 1
B\T To

equation

n:‘noe 6a

For the thermistors the resistance var{es according to the relation

+W 1 1
R=Roe B \T To 6b

in which the zero subscripts refer to an initial or reference condition, W is the

approximate energy of activation and B is Boltzmann's constant.



The temperatures of the materials and the thermistors are determined by

the solutions of the energy equations

wil 1Y
-2 B\T T,/ 3
du e \ ol,-.:c ST _ K VZT T1a
o dy / P t

w1

(dI )2 AT o, 3T _ . v2r ™

Ro dy/ ¢ =Cp 3¢ -
in which the left hand member is the mechanical or electrical power dissipated,
Cp -g—ti is the locally stored power and KVZ T is the power loss by heat conduction.

The symbols < and k are the volupetric heat capacity and thermal couductivitiy
respectively, The details of these relationships have been discussed for the
quasi-static cases in reference (1) and (2). It may be said here, in summary,
that the thermistor resistance automatically varies with time in a manner
completely analogous to the variations of viscosity dictated by equations

4 and 6,

B, Similarity Parameters

No analytical discussion of the transmission line equations subject to
equations 6b and 7b will be given, However, two similarity parameters for tl;'e
deformation process will be developed which are useful for characterizing
experiments.

To obtain the first parameter notice that fhe diffusion equation (e.g.
equation &) defines a characteristic time

t = 22 t’

D 8
in which 4 is the thickness of the material and whichvrelates to the duration
of the inertial transient in the model, There is another characteristic time

relating to the heating process derivable from the adiabatic form of equation ¥ 7/L
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in which a is the temperature coefficient of viscosity, which is related to
the energy of activation of flow, apd u, is the velocity of boundary motionm.

The value of the ratio

2,2
t apn, 4
D= tD = Co 10
h P
or in the analog equations
2,2
D= ————aLE L 11
p

indicates the relative duration of the inertial transient and the thermal
transient, When D is small, the inertial transient is relatively uninfluenced
by the slower heating effects and the quasi-static treatment of the thermal
_effects given in references 1 and 2 is appropriate. When D is large, the
interaction of the thermal and inertial effects is significant,

One more characteristic time arises from the elastic equation.

tg= Prg 4 12

The value of the ratio

or in the analog
R
C o
- ~ -2 » 14
F L z

characterizes the line and indicates the relative effect of the elastic wave

and the diffusion wave. At low values of { the diffusion process travels faster,
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ITI. DESCRIPTION OF APPARATUS

it

The ten loop transmission line qh;un schematically in Figure 1 was assemfled
from commercial components, Inductors, capacitors, thermistors and resistors
were selected to make it possible to do experiments at conveniently measurable
voltages, currents and times. Non-idealities are introduced by the resistance
associated with the inductance and by the fixed ammeter resistor in seriesrwith
each thermigtor, Thege are minimized to prevent interference with the essential
features of the observations,

The inductorsvare each iron core filter chokes with nominal inductances
of 8 henrys at 300 milliamperes, Their resistance is 80 ohms. The capacitoré
are metallized Mylar and have nominal values of 2,0 MF, The thermistors are
rated 10,000 ohms at 25°C and have a temperature coefficient of 5.57% per degree
centigrade, They each weigh 0.100 gms and they are made of a material with a
heat capacity of about 0.60 joules‘per gram per degree centigrade., Thus their
heat capacity is about 0.06 joules per degree. The ammeter resistances are
100 ohms,

The thermistors were disc type 0.22" diameter and 0,036" thick., These
were fitted with thin brass electrodes and stacked using 0,001" Mylar film
spacers so that they were insulated from one another electrically but in therﬁal
contact, The entire stack was thermally lagged except on one face which was
in contact with an aluminum heat sink. This configuration simulates an
infinite slab having a heat sink at one of its boundaries and insulated at the
other, This stacking feature is not important for the short time experimentsl

reported here but is mentioned to complete the description of the apparatus.




IV. EXPERIMENTAL RESULTS

A, Elastic Wave Propagation

The first group of experiment: to be described were performed with the
line shown in Figure 1, but withoug the shunt resistances., This LC line
simulates a perfectly elastic material. The results confimm predictionms. The‘;
are given here only to contrast with the results of the viscoelastic and viscous
analogs discussed later,

A constant current, Ia, was applied at station 1 at t = 0, Voltage
histories at the numbereg®fations were then recorded. This experiment is
analogous to observing the propagation of a stress wave initiated by applying
a constant shear velocity to a boundary of a slab of perfectly elastic material,
The results for I, = 5 milliamp are shown in Figure 2. The initial voltage
wave height is 15 volts and the observed velocity is 112 loops per second.

The calculated wave height, based on the nominal value of the‘components is
V= I;;“J%;= 10 volts, The calculated velocity is u =1 = 250 loops per
second, It seems likely that the inductance of the cho Lg at lower than the
rated current, exceeds the nominal, In fact, measurement of the choke at

S milliamperes showed 13 henrys. Although this variation of L was unexpected,
it does provide an opportunity to introduce the effect of density changes
during the deformation of materials in£o the analog,

At each station the voltage rises satepwise with time; the steps becoming
less and less distinct as the voltage increases., The experiment is terminated
when the voltages go beyond the range of the meters (300 volts).

B. Viscoelastic Wave Propagation

The second group of experiments was performed with constant current applied

to line of Figure 1 with both the capacitors and thermistors in place. These
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showed more complicated effects. The first point to be noted is that the 1nc;ease
in voltage (stress) is arrested. The Peak voltage cannot exceed IaBo when
all of the current goes through the unﬁeated first thermistor. The steady
voltage cannot exceed IaRD/IO vhen the ten thermistors are unheated and shariég
the current equally.

The observed values of the peak voltage are always less than I R, becausé,
in an ideal case, part of the initjal current goes to charge the first capacitor.
This enables current to reach the second and subsequent 106§;~b;fore the

voltage reaches this peak value. The steady voltages only reach IgR,/19

when current is low and no heating Gccurs in any of the thermistors. These
maximum voltages, which depend on the thermistors, can be called the strength
of the line and are analogous to the maximum stresses in the model material
which depend on the responses of tpe viscous elements, One of the rather
complicated records is showm in Figure 3. Notice that when the parameter F
(equation 14) has the value of 1 (st about loop number 4) a phenomenon occurs
which may be interpreted to show the emergence of the elastic wave and its
sharp attenuation,

C. Viscous Wave Propagation

The main subject of this study is the 1nter;ction between thermal and
inertial effects in the viscous model, The preliminary experiments are
intended to show how this interaction is likely to fit into the larger more
complicated questions relating to viscoelastic behavior., They show, in
particular, how the ultimate stress bearing capabilityvof a model viscoelastic
material can be limited by its viscosity and how the stress peak due to

inertia effects can be limited by the elasticity.



The third group of experiments {8 a more detailed study of the diffusionv
of strain and stress in the viscous model. A constant current is applied to the
beginning of the line (not containin; condensors) and voltage histories at the

numbered and lettered stations were yecorded., The voltages at the lettered

stations indicate the local current; that is, d1/dy, When a low current

is applied to the beginning of therline, the time ratio D is low and isothermal
propagation is represented. The r¢cords for I, = 5 milliamperes (D=.018)
H

are presented in Figure 4, The voltage fails to rise to the value IgR, because

of the finite voltage riée time in the power supply. However, the steady
voltqges are IaR0410 showing that nq significant heating has occurred in the
time of the experiment.

At higher values of D (I;=150 milljiamperes, D=16,2, Figure 5) the initial
peak is attenuated by the heating effect in the first thermistor. No steady
state is shown, However, the tendency for the current to concentrate in the
first thermistor at the expense of the others is clear., This type of
behavior can be expected ﬁhenever high currents are passed through equivalent
thermistors in parallel, It is considered to be analogous to necking in the
mechanical model. ‘

\ At even higﬁet currents (200 milliamperes, D=28.8, Figure 6) the decay
of the resitance in the first thermistor, due to heating, is after a finite
time, catastrophic, This leads to gn abrupt decline in the voltage at the
first station, This may be analogous to 'fracture" in a viscous material,
It may be seen in Figures 4 and 5 that at the higher current the height of
the voltage peak becomes less than proportional to the current. The post

peak voltages are lower for the higher currents. This is analogous to plastic

flow in which the stress tends to bacome independent of the strain rate.
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The time to the abrupt decline of voltage would become shorter at even higher
currents, but the experiment describéd above is at the limit of the apparatus;
The non~uniformity of the voltages at the various numbered stations in
Figures 4, 5, and 6 are partly due to the voltage drop in the 80 ohm resistan’e
of the inductor and partly due to the dR/dy term in equation 4b when R is a
function of y. (It is also a function of t but this will only appear in the

equation for the voltage.) Thus,

2
31 3%1 d1 dR
L = =R—5 + == 5— 15a
ot 3y 2 oy dy
3V L 3V LV 3R
e > S 15b
2 R 3t gz 3

D, Constant Voltage Experiments

In the fourth and final group of experiments, various constant voltages,
V,, were applied to the line, As before, the voltage histories at both the
numbered and lettered stations were recorded, The results of an experiment
at low voltage (V,=3 volts) are shown in Figure 7. The voltage at station 1
shows a finite rise time and an initial peak. The rise time is short and
is likely to indicate the response time of the recorder, The peak is probably
a characteristic of the power supply. These curves show the isothermal
behavior of the system. The duration of the voltage transient has close to

its calculated value of L 12 =,08 seconds,

Ro

At much higher voltagés the heating is significant and the resistance of
the thermistors changes rapidly. In Figure 8, the records for V,=150 volts
are shown., The temperature of the first thermistor is rising rapidly and
.
approaching catadurophe. The effects aye much less pronounced in the themmistors

farther down the line. These data suggeat that high voltages can be tolerated
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by the line if the time of application is so short that little heating occurs,
They show further how the currents, or in the mechanical model, the deformatibns
can be quite heterogeneous particularly if the duration of the voltage pulse i5
less than the time constant on the line., Under these conditions the pulse

of voltage 61: current reaching the end of the line can be grossly distorted

and attenuated,

V. CONCLUDING REMARKS

Direct comparisons of the results obtained with the analog with the results
obtained from mechanical studies on reasl materials are somewhat premature.

This work is more properly considered an introduction to a type of device
useful for the study of non-lineaf mec .anical behavior, It establishes
criteria for similhri‘:y between the me;:hanical model and the electric analog.
These are, in the linear case, the viscoelastic timen/5in the model and RC
in the analog; and the new parameter F (equations 13 and 14 above)., In the
non-linear case these are, in addition, the parameter #{ (reference (2)),
applicable to the quasi-static deformation of materials with temperature
dependent properties, and the new parameter 'D (equations 10 and 11 above).

The experiments show how intricate the mechanical behavior of an extremely
simple material model with a single viscoelastic relaxation time can become
when reasonable allowances are made for the temperaturé dependence of its
properties., In the analog it seems to be possible to make allowances for the
geometric ghanges which accompany many deformations and the normal heterogeneity
and anisotropy of many materials,

Among the published mechanical experiments known to the authors, those of

VonKarmen and Duwez (7) on the drawing of copper wires seem most relevant to
3
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to the above discussion. The preseut study must be distinguished from others
often called dynamic (Reference 8) which apply to isothermal experiments with

massless materials., Here inertial and thermal effects are included.
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ABSTRACT

As part of a continuing study of the mechanical
behavior of materials with temperature dependent properties,
dynamic responses of an ideal viscous material are
considered. An electric analog circuit containing
thermistors and ideal inductors is presented. The
characteristics of this c¢lrcuit simulate the highly
non-linear characteristics of the model of the material.
The experiments show how the conversion of mechanical
work to heat can lead to stress and time depcendent
apparent viscoslities and to thermal instability in
velocity driven Couette flow. When the boundary velocity
is sinusoidal the heating can lead to the appearance of
a pseudo-elasticity as well as to thermal instability.
The thermal stability of the system 1s shown to depend
on the frequency as well as the amplitude of the excitation.
A group of similarity parameters are described which
are ratlos of characteristic times for heating, veloclty
diffusion, thermal diffusion and loading. These providc
a description of the model meghanical experiment and

make the connection with the electrical analog.



THERMISTOR ANALOG STUDY OF DYNAMIC SHEAR
IN AN IDEAL VISCOUS MATERIAL

INTRODUCTION

This report is one of a series describing exploratory
studies of the mechanical benhavior of materials with
temperature dependent properties. With such materials,
the heat produced in an experiment can have a strong
influence on its outcome. In this work, a model material
is considered 1n which the viscoslty is related to the
temperature through an energy of activation. The equations
describing the behavior of the model are strongly non-
linear so that general closed form solutlons are not
avallable at this time. The approach taken here involves
experiments with electric analog circults containing
resistors (thermistors) in which the temperature dependence
of the resistance can be described in terms c¢f an energy
of activation,.

In earller studies (1), analog circuits containing
thermistors and capacitors were applied to the study of
quasi-static deformations of model viscous and viscoelastic
materials. Inductors were then added to the circuits (2)

to permit the study of the dynamlics of the deformations.



While selected commercial thermistors and capacitors

are nearly ideal circuit elements, commercial inductors
have some resistance and their values depend somewhat on
the current. In the present work this problem was
overcome by simulating ideal inductors with analog
cumputer clements.

Ercept for the use of thermistors instead of ordinary

resistors, the circults are similar, in principle, to those
described by Mason (3). That is, line inductances and
shunt resistances, respectively, simulate the distributed
mass and viscosity in the material. To simplify the
problem, the model 1is an 1nf1n1té slab of an incompressible
viscous material in which none of the energy of a shear
deformation 1s stored. Thus, the experiments are preliminary
to the study of more complicated systems involving elasticlty
and in which more than one dimenslon is considered. The
results, however, do provide some insights into the
influence of the requirement for energy conservation on
the mechanical behavior of materials.

In the experiments, the responses of the model to the
application of a shear velocity at one of 1ts boundaries
are observed. Both abruptly applied constant velocities
and sinusoidally varying velocitics are considered., In

the former case, as a result of the non-linearity of the

-2~



material, the observed stress at the statlonary boundary
becomes a non-linear function of the applied velocity.
At higher applied velocitles, thermal instability can
occur in the material.

In the sinusoidal case, the non-linearity can lead

to the 3

ppearance of a pseudo-elasticity in the material.
When the frequency 1s high, even at low amplitudes,

thermal instabllity can'develop. In real experiments

with 1iquids thils instability could be expected to

lead to cavitation. At low amplitudes and low frequencies,
when the behavilior of the material is linear, a pseudo-
elasticity also appears in the material if the data are
reduced using the quasi4§tatic methods described by

Ferry (4). :

BACKGROUND

The usefulness of ﬁhe electric analog in mechanical
studles depends on the qimilarity of the equations
describing the voltage and current history in the circuit
and those describing the stress and strain rate history in
the mechanical model. The availability of nearly ideal
circult elements and the‘convenience and accuracy of
electrical measurements are also considerations.

Briefly, the local ;nsténtaneous force balance in an

infinite slab of material with viscosity‘7 and density{D s

-3-




subjected to a shear in the plane of 1ts boundaries is

50195) % W

in which u is the local velocity in the x directlon, y is

given by

the space variable through the thickness of the slab and
t is the time. This 1s identical to the equation for
the local line current, i, in the circult with lumped

parameters shown schematically in figure 1,
L DL

%(R;E) = LE’E (2)
in which R 1s the shunt resistance per unit length (per
loop) in the y direction and L is the inductance per unit
length. When t) and (9 or R and L are constants, equatlons
% and 2 reduce to the familiar linear diffusion equation
for which solutions are known. On the other hand, when ’?
or R depends ont t and y, as will be the case for temperature
dependent materials, general solutions in closed form are
not available.

In the model material the flow process, on a

molecular scale, is assumed to be a bilased diffusion

so that the dependence of the viscosity on temperature

_.4f—




1s given by
/
20, 4 5% %) (3)

in which b% i1s the viscosity at an initial or reference

temperature, 7.

o » and Eh 1s an activation energy divided

by the Boltzmann constant. In the thermistor a similar

expression can be written for the resistance R.

R=1R, e &(+- % (4)

The instantaneous, local temperature T which determines

the 1nst5ntaneous local viscosity (or resistance) is
-

determined by the local energy balance condition

c‘f‘
. o7 Or7
vI=- c% -k - (6)

in which ¢ and k are resgpectively the temperature

or

Independent volumetric heat capaclty and thermal conductivity.
The local stress,e , (or voltage, V) is related to the
local viscosity and velocity gradient (or resistance and

shunt current) by the equations



V= &I (8)

A detalled discussiop of these equations is given

in references (5) and (l); In summary, however, at low
levels of stress (or voltage) the heating computed from
equations 5 and 6 will te negligible., At higher stress
levels the temperature will change significantly and the
viscosity or resistance will decrease. The extent of
the temperature rise depends on the value of a non-dimensional
parameter,fs > Which 1s the ratio of the rate of heating
in the slab to the rate of cooling. The heating rate
can be defined in terms of a representative time, t.° s
wWwhich is the time that would be required for the viscosity
to decay to one half its initial value in a quasi-statiec,
adlabatic experiment (5),

nee” | Tl
> Ev, 4, EsFo by
in which Jg is the thickness of the slab or the number of

2 (9)

loops in the line and ‘{, and Ao are respectively the
applied boundary velocity or applied current. The

cooling rate can be defilned for the case of isothermal

— (-




boundaries in terms of a representative time, t,, which
i1s the time that would be required for the temperature
to decay to 1/10 of 1ts initial value after the heating

is discontinued. Ideally, this would be glven by

3
£ . cl_ (10)
cC -
4 k
The key parameter for heating,:g , can be obtalned

by comparing these times.

ﬁ—‘ e | 520%1 - €, K, «l,; (11)
o ‘V??"k o#t 70k
Three more non—dimepsional parameters for the

dynamic system are useful. One can be generated by

taking the ratio of a representative velocity propagation
time to the representative heating time. When this number
1s low the propagation occurs 1n an essentially 1isothermal
medium. When the number 1s high the propagation occurg in
a medium of changing temperatures. A typical propagation

time (from the Fourier number) is given by

'y L1
t x ’té = e
r 770 rfp (12)
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A definition of this similarity criterion 1s therefore

P = EE = §£———”‘L = 4 L‘:’
tw 7—2-& 5

2.

(13)

[ =4
]

Another parameter 13 applicable when the boundary
of the slab is subjected to an alternating velocity. It
is the ratio of the velacity period to the heating time.
When this is low, any particular velocity cycle can be
considered to be isothermal. When it is high, significant
temperature changes can occur during a single cycle.

This parameter 1is

2 , 2
L . E4 Mo 4, . E4h ¢
C = fE,7 FrL-  Frredr (W)

in which f is the frequency of the excitation 1n cycles
per second.

The third parameter is also applicable in the
alternating case. It 1is the ratio of the propagation

time to the period

_/: = ft/o (15)



This parameter provides an index of the phase differences
at the two boundaries of the model.

DESCRIPTION OF APPARATUS

The analog clrcult used to simulate the slab of
viscous material is shown schematically in figure 1. The
actual circuilt used 1is shown in figure 2. This involved
some development work that will not be discussed here.
The principle of the ideal inductor depends on the
computation of the time integral of the local applied

voltages to obtaln the local line currents

LN = 75 f?kr"KL+L)‘¢(t

The local shunt current 1s the difference between local

lilne currents

z

N Py Nt

and the local voltage is given by

Vi = IMPN

The circuit 1s shown in a mode that permits
regulation of one boundary velocity with the other

boundary held stationary, Other types of mechanical

boundary conditions can be simuiated by making minor

changes. The parameters of this circuit can be varied

,?—‘



continuously over a wide range so that a convenient time
scale can be used.

In order to simulate heat conduction in the slab,
disc type thermistors were fitted with thin brass electrodes
and stacked using thin plastic film spacers so that they were
insulated from one another electrically but were in
thermal contact. The cylindrical stack was covered with
thermal insulation except on its ends at which the
thermal boundary conditions could be controlled. This
configuration is thermally analogous to the infinite slab
of model material except for the heat conduction through
the side insulation and the electrodes.

The thermistors hadigominal resistance of 10,000 ohms
at 25°C and temperature coefficients of 5.5% per degree
centigrade. Each thermistor was 0.55 c¢m 1n diameter and
0.127 cm thick. Its welght was 0.100 grams and its
heat capacity was approximately 0.60 joules per gram per
degree centigrade. Its thermal conductivity was estimated
to be 0.02 joules/sec cm? °c/cm.

The connection between the experiment with the
analog and that with a mechanical model 1is made in terms
of the parameters mentioned above. The amplifiers were

scaled so that the effective value of L was one henry and
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Ro was 4 ohms. From this data we have

£ . BreL™ . @969
ol g . 2 - P sl Y - L‘I- MC-
E4 I, ¢ (22 Se) ("l} Ce 2

n
ol S

£ . = 0d)(8)" ' <
c ‘7‘ %mﬂ—l)— = 0/?#—

- 0.00] Ly -

2 Ly
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n O
&

-
-

J-
2

3

The most serious approximation in these calculations
i1s that of t, where heat losses from the sides of the

stack and the thermal resistance of the plastic film have

been neglected.
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!
CONSTANT BOUNDARY VELOCITY

The application of a current to the input terminals
of the network is analogous to the application of a
velocity to one boundary of the slab. When a constant
current, f; » 1s suddenly applied, a high local voltage
appears at the lnput term;nals. This is relieved as the :
current propagates down the line. If the end of the line 1%
open, corresponding to a stationary far boundary on the |
slab and there is no significant heating, steady uniform

corrent <
voltages and shuntA develop

Llo - __e_
IN i = (16)

This is analogous to

on. _ Mo . <

Ty Z T e (17)
in the mechanical model, This effect is shown in the plot
(figure 3a) of the various values of I, against time for
a gealed value of i, = 2.5 amperes (6 = 0,07, p - 0.40).

Results obtained at higher currents are shown in

figure 3b. Here 1, = 100, :5 = 117 and P = 600. The
non-linearity due to heating appears as a retardation

of the propagation process and a time dependent distortion




of the velocity profile. Notice ti:at heat conduction finally

produces a lower velocity gradient at the boundaries
than in the center of the slab. In this case, the '
voltage at the stationary boundary never reaches f%%g;
so that even the initial stress measured in a Couette
type viscomcler would not give a true measure of the
viscosity.

At even higher cur?ent levels, which are not
accessible in this experiment but which were observed in
(2), a thermal instability develops in the slab which

would perhaps correspond to fracturc in a viscous material!l

SINUSOIDAL BOUNDARY VELOCITY

Studies of the responsés of materials to sinusoidal
stress and strain programs‘ére frequently made because
they provide information about the time dependence of

the properties. Amplitude'and phase relationships are

interpreted in terms of viscoelastic spectra characteristic

of the material (4).

When dynamic effects are taken into account, even
when there 1is no heating and the system is llnear,
phase shifts and attenuation occur in a viscous
material. These depend on the value of the parameter =
(equation 15) which depends on the sample dimensions.

Typical linear results are shown in figure 4a in which

- 13-




the various local line currents are plotted against

time. The peak to peak input current was 5, corresponding

to an RMS value of about 1.7. This gives f; = 0.035.

The frequency was 1 cycle}so that F = 6.25. |
Experiments of the5type summarized in figure 4a can |

be used for measuring the i1iscosity of liquids (3). If,

however, heating occurs, non-linearities will develop

which could be interpreted.in terms of the exlstence of

a shear elasticity in the raterial. Typical non-linear
results are shown in figure U4b for peak to peak input
current of 200. This gives é; = 57.5. When this figure |
is compared with 4a, differences in both attenuation |
and phase shift can be seen.

The amount of heat genefated near the moving
boundary 1is dependent on the frequency as well as the
amplitude. That 1s, the depth of penetration of the
shear wave becomes lower as the frequency increases so that
the input power 1s concentrated in a smaller volume of
liquid. At high enough frequencies, even at very low
amplitudes, heating can pe expected. Then, as the
viscosity 1s reduced, the depth of penetration is further
reduced so that a regenerative process will be initiated
which can produce thermal instability. This could
account for the cavitation effects frequently observed

when liquids are exposed to acoustical radiation.

—1d-



CONCLUSIONS

Materlals application and development studies
are often obstructed by complicated and poorly under-
stbod non-linearities 1in mechanical behavior. As a
result, costly, and frequently unsatisfying, empirical
test programs must be conducted. In this work, one
known source of non-linear behavior 1s isolated and
explored. It is shown that the requiremenf for the
conservation of energy in the material can lead to the
appearance of time and stress dependent effects as well
as pseudo-elasticlity and instabilllty 1in rheological
experiments. The rationalization of these effects
in terms of the non-linearity of the system 1s sometimes
simpler than alternative hypotheses that have been
advanced. The studies lead to the development of a
group of similarity criteria applicable to_mechanical
experiments. The studles have, so far, involved only
simple systems. However, it seems likely that the
methods can be generalized so that practical problems

of design and development can be considered.
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CAPTIONS FOR FIGURES

1.

The electrical fransmission line analogous to a
viscous slab, discretized into five lumped element
scepments, ‘The fhermistors are 1n thermal contact

but electrically 1néu1atcd.

The €@lectrical analég computer simulation of the
electrical circuit of Figure 1 utilizing thermistors.
The scaled viscosity per segment is T/Rg.

The normalized shunt currents in the thermistor
(analogous to the velocity gradients at five
equispaced stations in the viscous slab) for a

sudden step input of current i, (front wall velocity

u,)
a) 15 = 2.5 b) i, = 100
4 = o7 = 117
P - .40 P = 600

The normalized line currents in the inductors
(analogous to the veldbcities at different stations in
the slab) for a suddenly applied sinusoidal current
i1, (front wall velocity uo)-

: 6 . = -
9 io(fMs) =17 ) ioz 2
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ABSTRACT

As part of a continuing study of the mechanical behavior of materials
which have température dependent properties, electric analog experiments on
a non-linear Maxwell Model Material are described., The circuit that is used
contains thermistor eclements which siﬁulate the temperature dependent viscosity
of the mechanical model. The inertial and elastic eleaents are sirmvlaten by
electronic integrators instead of inductors and capacitors which nssures the
ideality of the elements and increases the versatility of the analor. The work
leads to the definition of a natural "prowerty" of the material which may have
some adv rtages over the use of the viscosity coefficients and elastic moduli
alone. Thc results show how, because of heating, the responses of the moscl
change from elastic to viscous as the severity or duration of the ex~iturion
increases. This also leads to stress reduction in the trailing part of tne
distur-:ance. Since elements of the analog may be identified with elements of
atomic scale models of material, the work relates to material development progran:-

as well as to mechanical design studie#.



Analog Study Of the Dynamics of A Non-Linear Maxwell Model Material

Introduction

This report is onme of a series describing exploratory studies of the
mechanical behavior of materials which have temperature dependent proper-
ties. It is an account of experimental studies of one-dimensional, dynamic
shear in a non-linear Maxwell Model visgoelastic material. An electric
analog method is used which is an extension of that used recently for the
study of viscous materials (1). The analog circuit can be made applicable
to the general deformation problem. In addition, some of its elements are
identifiable with elements of atomic scale models of materials. The work,
therefore, relates to material development programs as well as to design
studies.

One of the features of the analogs is the use of thermistor elements

to simulate the characteristic, temperature-dependent viscosity of certain real

materials. Another is the use of precision electronic integrating elements
instead of inductors and capacitors to simulate inertial and elastic effects

in the model. This assures the ideality of the elements and eliminates the

problem of obtaining matched components over a wide range of ratings. Further-
more, the ratings of the components can conveniently be made responsive to the

local values of the voltage, current or other relevant parameters of the system.
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In the experiments discussed below, a simple model viscoelastic mater-
ial is considered in which the temperature dependence is concentrated in the
viscous elements. This simplification is suggested by the fact that in
important classes of real materials the irreversible part of the deformation,
whether it be viscous flow or dislocation movement, is a biased diffusion
having a characteristic energy of activation and a corresponding exponential
dependence of rate on temperature. The behavior of the elastic element de-
pends on the effective shape of the potential valley in which a representative
atom is situated or the configurational entropy of a molecular chain either
of which is less sensitive to temperature than the diffusion rate.

The quasi-static behavior of a temperature dependent viscous element alone
was considered in detail in earlier work in which numerical solutions of the
energy cquation were presented (2). Those studies established a criterion for

0

apparent departures from Newtonian behavior and showed how time and size effects

could arise in viscous materials. The thermal effects could also influence the

transition to turbulent flow and produce :avitation. The numerical methods were
then applied to the quasi-static deformations of viscoelastic models (3). Llater
it was shown that equivalent solutions of the quasi-static viscous and visco-
elastic problems could be obtained more easily by the use of electric analog
circuits containing temperature dependent resistors (4). Phenomena resembling
yicld and plastic flow arose in a natural way in these models and stick-slip

effects were produced.




The use of a transmission line containing thermistors for the study
of dynamic viscoelasticity was then described (5). 1In that study similarity
criteria for identifying a particular cjircuit with a particular mechanical
model were defined. In addition, it was shown how the conventional proper-
ties of the viscoelastic model could be v:ry sensitive to the stress and
strain rate. The transmission 1ines;usedvthere contained commercial in-
ductors which inevitably have some resistance and which are non-linear.
Furthermore the commercial components are available over a limited range of
ratings and similarly rated elements do not necessarily match very closely.
These difficulties were eliminated in another transmission line study of dy-
namic viscous behavior in which the precision analog integrators were used
to simulate inductors (1). That work showed how pseudo-elasticity could arise
when the viscous elements became non-linear. In addition a regenerative
process was described which could lead to effects resembling acoustic cav-
itation.

The behavior of the one dimensional Maxwell Model discussed here is one
of the simplest available examples of dynamic viscoelasticity. It does not
exploit the capability of the method for treating compressible materials
with stress, strain or strain rate deéendent elasticity or for treating three
dimensional models. It is, however, a step in the development of the tech-
niques and it shows how the essential non-linearity of the viscous element
can cause a material which exhibits elastic responses at low stresses to be-
have like a fluid at high stresses. It also leads to an approach to the gen-
eral characterization of materials which may have some advéntages over descrip-

tion in terms of viscosity coefficients and elastic moduli alome.



Discussion Of The Linear Maxwell Model

The dynamic behavior of the linear Maxwell Model has been discussed
by Lee and Kanter (6). Their analysis serves as a base line for the con-
sideration of the non-linear model. A slight extension of their discussion
is given below. The linear partial differential equation with constant

coefficients which is solved in (6) is

o ' P dw
oxr 'g F T TE )

in which 4 is the local stress, particle velocity, strain or displacement,
X is the Lagrangian space coordinate, ' is time and /0, é’and? are respec-
tively the density, elastic shear modylus and viscosity of the material.

Precisely the same equation can je written for the transmission line
shown in figure 1

o

: 3N
—2-;—L= LC%;—;:*-LG%‘{. 2)
wvhen 4¢ is the local current or voltage, L, C, and G are the constant
values of the inductance, capacitance and conductance per loop and X is an
index of the position of a particular loop in the line. The use of discrete
instead of distributed elements introduces some degree of approximation in-
to the applicability of equation 2 to the analog line which is discussed

later in the report.



We notice now that the substitution of non-dimensional times and lengths
into equation 1 (or equation 2) leads to a single parameter, normalized

equation. When

c (3)
in which 1? is the length of the line, we have
3 2
ﬁz?;; ) aa:» "3%’ (4)
in which
-z
A Z%_?‘ ~ _fi;[z_ 5

Thus, the non-dimensional group, or similarity criterion, /7 , emerges as a
natural property of the simple, linear Maxwell Model. The use of this number
provides a method for identifying a particular transmission line with a par-
ticular mechanical model and could be use%ul for characterizing the mechanical
model itself.

Some idea of the significance of this nurber is given by a consideration
of its reclationship to more familiar non-dimensional groups that arise in de-
gencrate forms of equation 1. For example if E is very large equation 1 has

the form of the diffusion equation

zu__f
47
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The normalized form of this equation contains the Fourier number, N’= .
N, = 2L
s pPLE (7
On the other hand if )7 is very large, equation 1 has the form of
k3

the elastic wave equation

ot P I«
ok £ 9t* (8)

The normalized form of this equation contains another recognizable group

involving the velocity of propagation
r R
A/ u & 4+, 9)
—_ 2
e 2Z*
) z
The non-dimensional group £ is seen to be the ratio of /1/,—_— to 'VE . Notice
that the ratio of A/E to ”ngves another runber familizr in the study visco-
elasticity, E% .
The physical property associated with 77 is that which may be observed when
onc boundary of the slab of material is moved abruptly. When r' is high, oscilla-

tions will be produced as the deforma{;ion distributes itself through the material.

When IV is low, no oscillations will occur.



Discussion Of The Non-Linear Maxwell Model

The applicability of the analysis éiven by Lee and Kanter (6) depends
on the values of/o,l? and‘? remaining c@nstant during the experiment. This
is never exactly true since any viscous process produces heat. However, if
the duration of the experiment is low epough or the heat is lost to the en-
vironment fast enough, the change in temperature can be negligible.

The development of a criterion for the temperature rise to be expected in

a quasi-static viscous element was described in (2). The criterion appears as

z
a ratio,:; , of a representative cooling time,zz:iig, to a representative
2
heating time, € = f'}e—-z
© av, Y,
0
2
& Ze o )Mo (10)
= z, ¥

in which "a" is the temperature coeffiiient of the viscosity and is relafed to
the energy of activation for the flow process,}%:is the viscosity at the in-
itial or reference temperature, 4, is the relative rate of movement of the
boundaries, k and ¢ are, respectively, the temperature independent thermal
conductivity and volumetric specific heat of the material.

Whenlg is low, no heating occurs and the linear approximation is applicable.
When & is high two cases must be distinguished. In one of these the heating
time is long in comparison with the mechanical propagation time, so that stress
equilibrium is established in an essentially isothermal medium which subsequently
increases in temperature. In the other, the heating time is short in comparison
with the mechanical propagation time so that the propagation process occurs in
a medium of changing temperature. Criteria for making this distinction are

discussed in (1).



Discussion of Experiments

The experiments described below were performed using the simulated trans-
mission line shown schematically in figure 2. The symbols of that figure are
those used in textbooks on analog computation. The integrators take the place
of inductors by generating a'%ur_ent"proportional to the time integral of a
voltage. They take the place of capacitors by generating a voltage proportionai
to the time integral of a current. The proportionality factors can be variables
to simulate compressible, non-Hookean models although this feature was not used
in the present experiments.

In an experiment, the effective valies of L, C and G were set and a simulated
steady current was abruptly applied to one end of the line while the other was.
kept "open'. This is analogous to the abrupt application of a steady velocity
to one boundary of the slab of model material while the other is held stationar}.
Local time dependent line currents and voltages were recorded which correspond to
the local velocity and stress in the material. The recording was continued after
the input currents were abruptly terminated. Two levels of current were used at
each setting. One low enough to show linear behavior and one high enough to show
some of the effects of heating in the thermistori. A number of different line
settings were used to give representative values of the parametef!l The degenerat:,

ideal viscous, case was discussed in (1). The degenerate, ideal elastic, case

was discussed in (5) but is reviewed here.



he time dependent currents in a line in which the
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2ffective values of L, C and G are respectively 1 henry, 0.03 farads and
0.23 mhos. The value of /7 for the five loop line is 0,.,15. The input cur-
rent which is analogous to a boundary velocity was£;=5~. With the arrange~
ment that was used it is not possible to obtain a good estimate ofo’7 but at
chis level the behavior of the line was quite accurately linear. At this
value of /7 the model is one in which the viscosity is most conspicuous. At-
tention is drawn to the rapid achievement of the steady condition, the fact
that the steady currents are linear functions of the position in the line
and the symmetry of the effects at the initiation and termination of the cur-
rent flow.

Figure 3b is a similar plot for a higher value of the input current (L;’SEQL
The linearity of the relationship between the current and line position is
destroyed because the thermistor in the first loop in heated more than the
others. The symmetry of the initiation and termination effects is also lost
because at the time of termination the material is heated and has different
properties. Figures 4a and 4b show the local voltage histories in the same
two cxperiments as SVC/do . Given the value of a = 0.046 per degree centi-
grade for the thermistor at the initial temperature and the relationship

R= o 22 757 (72-7) (1)

these permit the estimation of the local temperature. 1In the low current case -~

(figurc 4a) the lines become horizontal at the value 1.




In the higher current case the voltages drift downward from 1 as a result
>f heating. Notice that the step in one of the traces on 4a which might
oe regarded as due to the elagticity in the line is less comspicuous in
4b because the heating reduces the effeétive value of /7., The value of
zg in the high current runs is not very high even though they were made near
the limiting power capability of the circuit configuration. However, the
trend of the behavior as the severity of the excitation increases is indi-
cated in these experiments.

The results of experiments with line settings L =1, C = 0.3, G = 0.2
(/7 = 0.55) are shown in figures 5 and 6. The observed local currents for
the low current runs are shown in figure 5a. This line has significant energy
storage capacity and the effects of elasticity are clearly shown by the re-
peated reflecticns which occur at the boundaries and the associated oscillation
of the currents. The linear distribution pf steady currents and the symmetry
of the initiation and termination effects may be noted here. 1In the rumns at
higher current ([; = 50) the linearity and symmetry are both lost. Comparison
of the voltage traces figures 6a and 6b shows the temperature rise in the high
current experiment and the marked attenuation of reflections at the termination
of the current flow due to the change in properties accompanying the simulated

deformation.
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30, G = 0.2 (/7 =5.5). Here the high energy storage capacity
of the line leads to sustained oscillations. Under thesa conditions more
of the current is diverted from the the;mistors by the capacitors which
reduces the heating in the model. The low current case ( éﬁ = 8) show less
damping than the high current case (t; % 80). The effect of heating on the
symmetry of the initiation and termination cifects ~i. also shown.
Figure 9 was generated by a line in which G = 0. it therefore simulates
a perfectly elastic material. It is presented for two reasons. It indicates
how the discretizing of line elements affects its behavior. If the elements
were distributed uniformly the voltage would progress upward in steps with
vertical "risers" and horizontal "treads'. The rounding of the steps is due
to the filter action of the line that was used. The other object of pre-
senting this data is to show how, in an elastic material, the stress would
risc in stepwise fashion without bound. This emphasizes the importance of
viscosity in determining the ultimate stress bearing capability of the maicrial
Figure 10 gives examples of cross plots of typical data
It shows the wave form at various times @pcluding soméithe effect of reflection.
This is the form in which the analytical.results of reference 6 were presented.
In the high current casce, 10b, a low stress '"tail" dcvelopé in the wave because

ol heating.
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Plastic Waves in Wires

The results presented above are strictly applicable only in the one
dimensional case; that is, to the shear of an infinite slab of the model
;aterial in the plane of its boundaries. However, if, in considering the
axial deformatioﬁ of a slender rod, one assumes that stress equilibrium is
achieved in each element of length during the propagation process, the line
described above is an appropriate amalog. This is the problem attacked and
assumption made, for example, by von Karman and Duwez (7). The present
treatment . however, allows the tangent modulus to be time dependent. 1In
this application, the use of the analog draws attention to the important

fact that the irreversible part of the deformation is largely a shear and

the reversible part is largely a dilatatiom.
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